The properties of the multisoliton solutions of the (2+1)-dimensional Maxwell-ChernSimons-Skyrme model are investigated numerically. Coupling to the Chern-Simons term allows for existence of the electrically charge solitons which may also carry magnetic fluxes. Two particular choices of the potential term is considered: (i) the weakly bounded potential and (ii) the double vacuum potential. In the absence of the gauge interaction in the former case the individual constituents of the multisoliton configuration are well separated, while in the latter case the rotational invariance of the configuration remains unbroken. It is shown that coupling of the planar multi-Skyrmions to the electric and magnetic field strongly affects the pattern of interaction between the constituents. We analyze the dependency of the structure of the solutions, the energies, angular momenta, electric and magnetic fields of the configurations on the gauge coupling constant g, and the electric potential. It is found that, generically, the coupling to the Chern-Simons term strongly affects the usual pattern of interaction between the skyrmions, in particular the electric repulsion between the solitons may break the multisoliton configuration into partons. We show that as the gauge coupling becomes strong, both the magnetic flux and the electric charge of the solutions become quantized although they are not topological numbers.
Introduction
Diverse models of the field theory support regular soliton solutions. Many such models have been intensively studied over last decades in a wide variety of physical contexts. Perhaps one of the most interesting examples is (2+1)-dimensional non-linear O(3) sigma model, which is also known as the baby Skyrme model.
Soliton solutions of this model were considered for the first time in the papers [2, 5] . A few years later, they were revisited in [3] the term "Baby Skyrmion" was coined in the second of these paper to describe planar reduction of the original Skyrme model. Indeed, this lowdimensional simplified non-linear theory emulates the conventional Skyrme model in (3 + 1) dimensions [1] in many respects. In particular, this planar theory was used to study the processes of scattering of the solitons [4, 5] and the effects of isorotations of the multisolitons [6, 7] . The low dimensionality of the model significantly simplifies full numerical computations making it possible to exclude any restrictions imposed by the parametrization of the fields.
A peculiar feature of the planar Skyrme model is that the structure of the multisoliton configurations is very sensitive to the particular choice of the potential of the model [8, 9, 10, 11] .
Further, a suitable choice for the potential term allows us to split the individual constituents of the planar Skyrmions, each of them being associated with a fractional part of the topological charge of the configuration [10] . Another choice of the potential term allows us to construct weakly bounded multisoliton configurations via combination of a short-range repulsion and a long-range attraction between the solitons [11] .
There has recently been significant progress in construction of various multisoliton configurations in the baby Skyrme model [3, 8, 9, 10, 11] . Also it was found that the restricted baby Skyrme model in (2+1)-dimensions [12, 13, 14] supports BPS solutions saturating the topological bound. Furthermore, the BPS Skyrme model is integrable in the sense of generalized integrability, it supports an infinite number of conservation laws [15] . The planar Skyrme model in AdS spacetime was also considered as a low-dimensional analogue of Sakai-Sugimoto model of holographic QCD [16] .
The baby Skyrme model attracts a special attention since this simple theory finds various direct physical realizations. Indeed, this model originally was formulated as a modification of the Heisenberg-type models of interacting spins [2] . Further, hexagonal lattices of two-dimensional skyrmions were observed in a thin ferromagnetic layer [17] , and in a metallic itinerant-electron magnet, where the Skyrmion lattice was detected by results of neutron scattering [18] . The Skyrmion configurations naturally arise in various condensed matter systems with intrinsic and induced chirality, some modification of the baby Skyrme model with the Dzyaloshinskii-Moriya interaction term was suggested to model noncentrosymmetric ferromagnetic planar structures [19] . These solitonic states were considered in the context of future applications in development of data storage technologies and emerging spintronics, see e.g. [20] .
Planar Skyrmions yield a specific contribution in the description of the topological quantum Hall effect [21, 24] . In this framework the Skyrmion-like states are coupled to fluxes of magnetic field and carry an electric charge. Therefore, in order to study the topological properties of planar quantum systems, it is crucial to extend the low-dimensional Skyrme model by gauging it and coupling to the electric and magnetic fields.
The planar Skyrme-Maxwell model was considered in [25, 26] . An interesting observation is that in the strong coupling regime the magnetic flux coupled to the Skyrmion, is quantized thought there is no topological reason of that. Further, it is found recently that, in the model with weakly bounding potential, the coupling to the magnetic field results in effective recovering of the rotational invariance of the configuration [26] .
It is known that the electric field is always trivial in the planar gauged Skyrme model [25] . In order to construct electrically charged planar Skyrmions one has to include the Chern-Simons term in the Lagrangian of the model [34] . Then the solitons may acquire electric charge in addition to the magnetic flux. Thus, we can expect the general picture of interaction between the Skyrmions becomes more complicated and various pattern of symmetry breaking may be observed.
The key ingredient in the discussion of the properties of the soliton solutions of the planar Maxwell-Chern-Simons-Skyrme model presented recently in [34] is the assumption of rotational invariance of the solutions. Indeed, it simplifies the consideration significantly since the problem then can be reduced to the numerical solution of system of three coupled ordinary differential equations. However, the rotational invariance is not a general property of the multisoliton solution of this model, thus this problem should be revisiting.
In this paper we investigate the Maxwell-Chern-Simons-Skyrme model in (2+1) dimensions and study the resulting multisoliton solutions. Since the choice of potential is critical for the structure of the solitons of the baby Skyrme model, we consider the weakly bounded potential [11] and the double vacuum (or "easy-axis" potential) [2, 27] . This choice is motivated by the fact that in the case of zero gauge coupling the individual constituents of the multisoliton configuration in the model with weakly bounded potential are well separated, while in the model with double vacuum potential the rotational invariance of the configuration always unbroken.
Our calculations are performed for multisoliton solutions up to charge Q = 5 without any restrictions of symmetry. We study numerically the dependency of the structure of the solutions, their energies, angular momenta, electric and magnetic fields on the gauge coupling constant g, and electric potential given by the value of A 0 = ω at spatial infinity.
Model
We consider a gauged version of the O(3) σ-model with the Skyrme term in 2 + 1 dimensions with a Lagrangian [34] 
Here the triplet of scalar fields φ is constrained to the surface of a sphere of unit radius:
We introduced the usual Maxwell term with the field strength tensor defined as
The flat metric is g µν = diag(1, −1, −1) and the coupling of the Skyrme field to the magnetic field is given by the covariant derivative [22, 23, 25 ]
Topological restriction on the field φ is that it approaches the vacuum at spacial boundary, i.e. φ ∞ = (0, 0, 1). Thus, the field φ a of the finite energy regular baby Skyrmion configuration is a map φ φ φ : R 2 → S 2 which belongs to an equivalence class characterized by the topological
Further, we suppose that the potential V ( φ) breaks the symmetry to SO(2) U (1). This unbroken subgroup corresponds to the U (1) gauge transformations of the fields
where U (α) = e igα(x) and φ ⊥ = (φ 1 + iφ 2 ). Thus, the third component of the Skyrme field φ 3 remains decoupled. However since the fields are restricted to the surface of the unit sphere, coupling of the planar components φ ⊥ to the gauge sector affects the component φ 3 indirectly.
Note that the transformations of the Skyrme field φ are actually isototations around the third axis in the internal space, which (in the absence of the gauge field) were considered in [6, 7] .
The Chern-Simons term L CS = c 4 ε µνρ F µν A ρ is topological [28, 29, 30, 32] . Under the gauge
the boundary terms can be neglected, the corresponding action of the Maxwell-Chern-SimonsSkyrme model is invariant with respect to the gauge transformations (3) . Note that the ChernSimons term violates P and T invariance of the system (1) while it preserves C symmetry.
Consequently, the left and right isorotations of the Skyrme field (3) are not identical.
Coupling of the Skyrme field to the Chern-Simons term has many interesting consequences [33] . Note that since this term is independent of the metric, it does not contribute to the energy-momentum tensor of the system, which follows from (1):
Thus, the energy of the system is the sum of the kinetic energy
and the potential energy
where the electric components of the field strength are E i = F 0i and the magnetic component is B = F 12 . Integration over all 2-dimensional space of the energy density T 00 yields the total mass-energy of the system
The complete set of the field equations, which follows from the variation of the action of the model (1), is [25, 34] 
where [25] 
Thus, the conserved current is j µ = φ ∞ · J µ and this current is a source for the electromagnetic field. Note that the Gauss law from the variation of A 0 is ν = 0 component of the second equation (7):
Another effect of the Chern-Simons term, which is evident from the second equation (7), is that the gauge field becomes massive, the mass of the photon is given by the constant c [30] .
Notably, it is known that in the Chern-Simons-Maxwell theory the total magnetic flux through the x − y-plane, Φ = d 2 xB, is proportional to the electric charge, q = cΦ [28, 29, 30] .
Unlike the Abelian Higgs model with Chern-Simons term [31] , in the planar Skyrme theory the magnetic flux is in general, non-quantized. However, in the regime of strong gauge coupling, the magnetic flux becomes quantized without any topological reason [25, 26] . Note that since we do not restrict the symmetry of the configuration, the integral relation between the total electric charge and total magnetic flux of the system does not impose any restriction on the electric charges and magnetic fluxes of the constituents.
We consider electromagnetic field generated by the Maxwell potential
where the gauge fixing condition is used to exclude the A 2 component of the vector-potential.
Thus the magnetic field is orthogonal to the x − y plane: B = (0, 0, B) = −∂ 2 A 1 while the electric field in restricted to this plane,
From the condition of finiteness of the energy at the spacial boundary we have to assume that both the electric and magnetic fields are vanishing as r → ∞. However, the electric potential A 0 → ω at spacial infinity, where the constant ω is a free parameter which yields the total electric charge of the configuration.
Now we can make use of the remaining gauge degree of freedom, which corresponds to the time-dependent gauge transformations U (t) = e igχ(t) :
Particular choice of the gauge function χ(t) = −ωt yields A 0 = A 0 − ω, therefore the boundary condition on the gauge transformed electric potential is A 0 → 0 as x, y → ∞. In other words, we can write the kinetic energy of the system (5) as
in the total Hamiltonian of the system effectively contributes to the mass of the corresponding components of scalar field. As we will see it strongly affects the properties of multisoliton configurations.
For the sake of compactness of notations we omit the superscript ' ' henceforth and suppose that the electromagnetic potential A 0 is vanishing at the boundary. Then the Chern-Simons term in the Lagrangian (1) can be written as
An important property of the electrically charged solitions is that they usually possess an intrinsic angular momentum, associated with internal rotation of the configuration. The total angular momentum of the system (1) is given by
with
Note that usually there is a linear relation J ∼ q between the angular momentum of the spinning solitons and its electric charge. This relation holds for Q-balls [35, 37] , monopoleantimonopole pairs [38, 39] and gauged Skyrmions in (3+1)-dimensions [40] . However, in the presence of the Chern-Simons term, this relation is broken since this term violates the spacial parity but preserves the charge conjugation. For example, in the sector of degree one more complicated relation holds [34] 
In sectors of higher degree the situation becomes more involved unless no restriction of rotational symmetry is imposed, thus its generalization suggested in [34] turns out to be an artefact of the hedgehog approximation.
Soliton solutions
In this section we investigate static soliton solutions of the model (1) . Generally, when a nonvanishing electric field is presented in a system, the functional whose stationary points we are looking for, is not the positively defined energy but the indefinite action [41] . Further, since the Chern-Simons term does not contribute to the energy functional and it appears in the action as a boundary term, the usual approach to this problem is to look for corresponding solutions of the Euler-Lagrange equations which follow from the Lagrangian (1) subject to a set of the boundary conditions [34] . We implemented this approach in order to check of the correctness of our results, which were obtained in a different way.
Indeed, the standard energy minimization technique cannot be applied in this case, but we can consider two related static functionals
and
To construct multisoliton solutions of the model (1) we simultaneously minimize the functional (16) with respect to variables A 1 and φ leaving A 0 constant, and the second functional (17) , with respect to A 0 leaving A 1 and φ constant. However, in our calculations we do not adopt any a priori assumptions about spatial symmetries of the fields, both in the gauge and in the scalar sectors.
One can see that the stationary points of both quantities correspond to the same set of the field equations (7) because, up to the terms, which do not affect the equations of motion, we
The numerical calculations are mainly performed on a equidistant square grid, typically containing 200 2 lattice points and with a lattice spacing dx = 0.15 To check our results for consistency we also considered the lattice spacings dx = 0.1, 0.2.
The numerical algorithm employed was similar to that used in [26, 42] . Well-chosen initial configurations of given degree produced via rational map ansatz were evolved using the Metropolis method to minimize the functionals (16), (17) .
Let us now briefly discuss the parameters of the model (1) . Each configuration in a sector of given degree Q is labeled by three parameters, the gauge coupling constant g, Chern-Simons couplng c and the value of the electric potential ω.
We also are free to choose the explicit form of the potential term V , the structure of multisoliton configurations strongly depends on it. In what follows, we consider two possibilities, so called double vacuum potential [2, 27] 
and lightly bound planar model with the potential [11, 26] 
If we restrict our consideration to the case λ = 0.5 this potential combines a short-range repulsion and a long-range attraction between the solitons, thus the multisoliton configuration consists of well separated partons with small binding energies.
The parameter µ 2 in both cases corresponds to the mass of the scalar field. In the case of the double vacuum potential the interaction between the solitons is strongly attractive, the rotational invariance of the multisoliton configurations is unbroken and the isorotation of the system almost does not violate it [6, 7] .
Note that the choice of the electric potential ω is restricted by the requirement of finiteness of energy [34] |ω|
Actually this restriction appears on the same physical reasons as the restriction on the angular frequency of the isospinning baby Skyrmions [6, 7] , the mass term is necessary to stabilize the soliton.
4 Numerical results
Weakly bound Skyrmions
Let us first consider the potential (19) . In this case the electric potential is restricted as
In most of our calculations we choose µ 2 = 0.1, λ = 0.5 and set c = 1. Our goal is to analyse how the structure of the multisoliton configurations will be affected by the variation of the
. In a sector of given topological degree Q each static configuration is characterized by its energy E, total electromagnetic energy E em and distributions of the electric field E, the magnetic flux Φ and the angular momentum J.
First, we set ω = 0 and study the dependence of these quantities on the strength of the gauge coupling g ∈ [0, 2], see Fig. 1 . As the gauge coupling increases from zero, the energy of the configuration decreases since the magnetic flux is formed, as shown in the left upper plot of Fig. 1 . Due to the Chern-Simons coupling, also the electric field is generated by some distribution of the electric charge density on the x − y plane.
The distribution of the magnetic flux is associated with the position of the solitons, it is orthogonal to the x − y plane [25] , the fluxes are attached to the individual partons of the multi-soliton configuration.
As in the case of the model without the Chern-Simons term [25, 26] , we observe that as the gauge coupling becomes stronger, the magnetic flux of the degree Q baby Skyrmions grows from 0 to 2πQ/g, i.e. in the strong coupling regime the magnetic flux is quantized, see the left bottom plot in Fig. 1 .
We note here that since in the Chern-Simons model the electric charge of the configuration is proportional to the magnetic flux, q = cΦ, effective quantization of one quantity means that the second quantity also becomes quantized. This effect is not topological, unlike the soliton charge Q, both the magnetic flux and the electric charge are not topological numbers.
For the weakly bounded potential (19) the binding energy is always positive, i.e. E 1 > E i>1 /Q, where E 1 is the energy of the one-soliton configuration at the corresponding value of the gauge coupling g. Hence the energy of a given multisoliton configuration is less than the energy of the separated single solitons and the configuration remains stable.
In the right upper plot of Fig. 1 , we represent the dependency of the total electromagnetic energy per unit topological charge on the gauge coupling. Similar to the case of the gauged baby Skyrme model without the Chern-Simons term [26] , the electromagnetic energy increases till g 1 and then tends to decrease as g continue to grow. As we mentioned in [26] , the physical reasons of that effect could be better understood if we note that the usual rescaling of the potential A µ → gA µ leads to
µν . Thus, in the strong coupling regime the Maxwell term is effectively removed from the Lagrangian (1).
The pattern of evolution of the angular moment of the lightly bound configuration is similar to the behavior of the electromagnetic energy, it has maximum at g 0.7 and we can assume that J tends to 0 as g → ∞ since increasing of the gauge coupling makes the solitons width and the magnetic fluxes increasingly localized.
In fact, the effect of the Chern-Simons coupling is to induce an electric charge of the solitons. 
Maxwell equations
where the components of the electric current  = ( 1 ,  2 , 0) are:
and the electric charge density is ρ = −
. The second equation
in (22) is just another form of the Gauss law.
Clearly, inversion of the sign of ω does not affect the current (23), however the charge density ρ is changing by δρ =
Let us now consider how the properties of the multisoliton configurations depend on the value of the parameter ω, which yields the electric potential in the system. As said above, the Chern-Simons term violates the P and T invariance of the system, therefore the structure of the configurations is not symmetric with respect to reflections ω → −ω. Indeed, it is seen in Fig. 3 , lower row, which displays the dependencies of the integrated magnetic flux 1 and angular momentum on ω, both quantities are vanishing at some non-zero positive value of ω. They become negative and continue to decrease monotonically as ω grows.
Notably, the electromagnetic energy of the Q = 2 configuration per unit charge is higher that for other multisolitons, see the right upper plot of Fig. 3 .
In Fig. 4 we displayed the energy, the electric and magnetic field density contour plots for the Q = 2 solitons at ω = 0.99 and ω = −0.99. Clearly, in the latter case the separation 1 Recall that the magnetic flux is related to the total electric charge of the configuration as q = cΦ. between the constituents is a bit smaller. Peculiar feature of the magnetic field distribution is that for ω = 0.99 the positive magnetic flux exhibits a peak at the center of the Skyrmion.
However this peak is screened by the circular wall of negative magnetic flux, so the total flux is negative. For ω = −0.99 the magnetic flux has a single positive maximum at the center of the soliton.
Double vacuum potential
Next we consider the model (1) with the double vacuum potential (18) . In this case the bound (20) becomes
Thus, for comparative consistency of our consideration, we fix c = 1, rotationally invariant solitons, as in the binary species model [11] . Then, as the value of the parameter ω continues to decrease approaching lower bound −1, the second crossing in E(ω) curves is observed, the system becomes bounded in a new configuration with
Another indication of this instability is the curve J/Q(ω) displayed in Fig. 5 , right bottom plot. As we can see, the momentum curve does not have a monotonic behavior, as ω decreases below the corresponding negative critical value and the rotational symmetry of the configuration becomes broken, the angular momentum starts to decrease rapidly. Similar to the case of the model with weakly bounded potential (19) that we considered above, at large negative values of ω → −1, the distribution of the magnetic field has a sharp peak at center of the soliton. For positive values of ω this peak is also presented, however it becomes screened by the circular wall of negative magnetic flux, thus the total magnetic flux through the plane is negative.
In the sector of degree two we can also see the difference between the pattern of critical behavior of the solitons in the limit of large positive and negative values of ω. As ω → −1, the electromagnetic repulsion still remains not strong enough to break the configuration into two soltions of unit charge. However the rotational invariance is broken and the energy density distribution has a shape of an oval cup. In the opposite limit ω → 1, the electromagnetic repulsion may broke the configuration into pair of individual solitons, whose relative orientation corresponds to the attractive scalar channel. This configuration, however corresponds to the local minimum, the global minimum in this sector is given by the rotationally invariant hedgehog solution. Similarly, the distributions of all quantities for the Q = 3 baby Skyrmion at ω → −1 correspond to the system of three solitons of unit charge placed at the vertices of an equilateral triangle. As ω → 1, the rotational invariance of the global minimum in this sector is not violated, although due to electromagnetic repulsion, the size of the configuration is much larger than at ω = 0. The 1 + 2 configuration remains a local minimum in this limit. Similar scenario holds in the sector of degree five. As ω → 1, we found two different Q = 4 solutions, one, which represent a global minimum, is rotationally invariantly hedgehog, another configuration, which energy is slightly higher, represent a system of well separated charge 2 solitons in the attractive scalar channel.
Summary
The We show that the electromagnetic interaction in this system may strongly affect the usual structure of multisoliton solutions, in particular the rotational invariance may be broken due to strong electric repulsion between the constituents. Since the usual pattern of interactions between the planar Skyrmions depends on the particular form of the potential term, we analysed two possibilities, related with choice of the weakly bounding potential and the double vacuum potential.
The presence of the Chern-Simons term, which breaks the time-and space-reversal symmetry, in both cases yields the magnetic flux and electric charge of the configuration. In the former case, for a given particular value of the gauge coupling constant g = 0.3 and with the usual choice of the parameters of the potential, the solitons remain well separated for all range of values of the electric potential. In the latter case the rotationally invariant configurations remain to be global minima in all sectors for all positive values of the electric potential. In the opposite limit, as ω → −1, the symmetry becomes broken to the dihedral group. Clearly, increase of the strength of the gauge coupling may provide different results, in particular it may yield recovering of the rotational invariance of the solutions. Investigation of the corresponding dependency could be an interesting study, which is, however, beyond the purposes of this work. Notably in the strong coupling limit both the total magnetic flux and the electric charge, associated with the solitons via the Chern-Simons term, become effectively quantized, although they both are not topological charges.
Finally, we found a new type of the electrically charged Q = 4 multisolitons centered around a magnetic flux. It might be an interesting problem to investigate which new types of solutions may appear in the sectors of higher topological degree.
